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A Method for the Design of Shock-Free
Slender Bodies of Revolution

A. A. Hassan*
Arizona State University, Tempe, Arizona

A numerical procedure is presented for the design of shock-free supercritical slender bodies of revolution. The
procedure relies on the fact that for small disturbances a hodograph-like transformation (not known a priori)
can be applied to the axisymmetric potential equation. This results in a set of two coupled Poisson equations
defined on a common rectangular domain. With the special variables used, the system of coupled equations for
the subsonic portion of the flow is solved iteratively using a fast Poisson solver. This in turn, defines the map-
ping of the subsonic or subsonic-sonic boundary in the physical plane. For supercritical flows, the supersonic
portion of the flow is calculated from data on the sonic line using an axisymmetric characteristic calculation.
This is followed by a map to the physical plane to determine the shape of the body under the sonic bubble. Ex-
amples of shock-free supercritical slender body designs are presented and show good agreement with the direct
computation of the flow past the designed slender bodies.

Introduction

I N the last decade there has been much interest in the tran-
sonic flight regime. In particular, axisymmetric transonic

flow is of interest not only because of its practical applica-
tion to missile and launch vehicle aerodynamics, but also
because knowledge of the aerodynamic properties of a body
of revolution in axisymmetric flow, when considered with
the area rule of Hayes,1 Whitcomb,2 and/or the equivalence
rule of Oswatitsch and Keune3 permits the calculation of the
aerodynamic properties of such bodies. This equivalence,
clearly stated by Lomax,4 permits the ready calculation of
the linear drag, and in supersonic flow the linear lift of
wings, bodies, and wing-body combinations as the overall
aerodynamic characteristics only depend on the cross section
area of the equivalent body of revolution.

Mathematically, the direct or analysis, and the design or
inverse problems of slender bodies of revolution are treated
as two distinct problems. In the former, a slender body is
chosen and its aerodynamic characteristics such as lift, drag,
and moment coefficients are determined. In the latter, a
body geometry is sought which supports a preassigned target
velocity or pressure distribution. A typical implementation is
to smooth out discontinuities in the surface pressure distribu-
tion that would be associated with shocks. In principle, this
process could lead to a reduction in wave drag. Moreover, it
is well known that many desirable requirements for the flow
of air past a solid surface, e.g., delay of laminar-turbulent
transition or separation of the boundary layer, may be met
by imposing certain conditions on the velocity distribution
along the surface.5'6 The ability to design slender-body
shapes that will provide a given pressure distribution is,
therefore, highly desirable.

While major progress has been made in the analysis of
transonic slender bodies of revolution by Keune and
Oswatitsch,7 Kusukawa,8 Spreiter and Alksne,9'10 Krupp and
Murman,11 Sedin,12 and many others, similar efforts for the
inverse problem have been lacking. Zannetti13 has reported a
time-dependent procedure to solve the inverse problem for
internal axisymmetric flows. In his method, based on
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iterated solutions of the direct problem, he solves the time-
dependent Euler's equations utilizing a predictor-corrector
difference scheme suggested by McCormack. A similar
design procedure had also been developed earlier by Nelson
et al.14 In the method of Shankar,15 shocked as well as
shock-free slender-body designs were obtained through
iterative solutions of the transonic small disturbance poten-
tial equation. The prescribed pressure distribution on the un-
known surface of the body was implemented numerically:
once as a Neumann boundary condition, and in a different pro-
cedure as a Dirichlet boundary condition. It was concluded
that the Dirichlet boundary condition approach was more
robust and always yielded converging results sooner than the
Neumann approach.

Following the recent success of the two-dimensional tran-
sonic airfoil design methos using numerical optimization tech-
niques (Hicks and Vanderplaats,16 and Hicks and Henne17),
a design procedure for axisymmetric bodies of minimum wave
drag was developed by Chan and Mundie.18 In their method,
direct solutions are sought with a slender body shape that is
numerically optimized to yield bodies of minimum wave drag.
A complete account of this theory can be found in Miele.19

Recently, Malmuth et al.20 described an optimization pro-
cedure for the design of transonic lifting wing-body combina-
tions. In their procedure the body shape is expressed in terms of
a finite number of parameters. The optimization problem for
some aerodynamic quantity such as drag, as a function of these
parameters, was then solved using decision theory.

The numerical procedure developed here21 for the design
of shock-free slender bodies of revolution is based on the
solution of the small disturbance potential equation. Instead
of using a mixed-difference scheme to account for the
embedded supersonic flow region, we have temporarily
decoupled the subsonic and supersonic flow regions.

In this paper, we first discuss the small disturbance flow
equations and their transformation to the computational
plane where they are quasilinear. We then demonstrate,
through examples, the accuracy of the design method by
comparing our results with those obtained from a direct
computation of the flow past the designed slender body us-
ing a mixed finite-difference scheme, RAXBOD.22

Basic Equations
The mathematic formulation of the problem assumes a

steady, axisymmetric, irrotational flow of a perfect gas. The
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small disturbance equation governing the perturbation poten-
tial </>, is

Here, x and r are normalized cylindrical space coordinates, x
being directed along the axis of symmetry of the body and r
normal to the axis of symmetry. The local sound velocity 0*
is defined through the energy equation and 7 is the ratio of
specific heats. Equation (1) is elliptic when (3</>/d.x) <0 (sub-
sonic flow), hyperbolic when (d<t>/dx)>0 (supersonic flow),
and parabolic where (d<£/3jt)=0 (sonic flow). To solve Eq.
(1) two boundary conditions must be provided: 1) the
behavior of the flow in the far field, and 2) the flow tangency
condition on the slender body surface. In the inverse-design
procedure presented here, the pressure distribution (or
equivalently the velocity) is used as input rather than the body
coordinates. Accordingly, for the inverse problem, a Neu-
mann boundary condition for 0 on the surface of the body can-
not be prescribed since its location is unknown a priori.

Utilizing the definitions of the perturbation velocities u and

-
dx

dr (2)

Referring to Fig. 1, we consider the transformation function
given by the solution of the coupled system of partial differen-
tial equations:

dx
~dT

dY
~aT

(7a)

(7b)

Equations (7) indicate that the mapping from the physical x-r
plane to the computational s-t plane is solution-dependent and
therefore, unknown prior to the solution procedure. Moreover,
in regions of subsonic flow the mapping is governed by an ellip-
tic partial differential equation, and in regions of supersonic
flow it is governed by a hyperbolic partial differential equation.

Reformulating the definitions for the partial derivatives in
Eqs. (6a) and (6b) in terms of s and t, we obtain the system of
equations

(8a)
dt ds

dV dU
—— ±Y—— = 0

ds dt (8b)

we express Eq. (1) as

Equations (8) are the s-t plane counterpart of the physical plane
equations [Eqs. (3) and (4)]. Elimination of X from Eqs. (7)
and V from Eqs. (8) through cross differentiation yields a
coupled system of Poisson equations involving U and 7, viz.,

dit a* d
w--——— (n;)=0dx r dr (3)

In addition, eliminating </> from Eqs. (2) through cross dif-
ferentiation, we obtain

du dv
1——1~dr dx (4)

Equations (3) and (4) are the system of equations to be solved
in the computational plane. The coordinate transformation is
described in the following section.

Transformed Equations
Introducing the new set of variables X, Y, (7, and V defined

by the equations

(5a)

(5b)

(5c)

(5d)

u=±1.5\a*U2/>

v = \a*V/r

and reformulating the partial derivatives in Eqs. (3) and (4) in
terms of the new variables, we obtain

dY

dv
dx

„ dU

(6a)

(6b)

In Eqs. (5c) and (6b) ± refers to subsonic and supersonic flow
conditions respectively, and X is a constant defined by

(6c)

d2U d2U / (dY/ds) dU (dY/dt) dU
dt2 ds dt

(9a)

d2Y d2Y __1 / (dY/ds) dY
ds2 * dt2 3~\ U ~ds~ U dt

It is noteworthy that the numerical transformation given by
Eqs. (7) to the computational plane results in a coupled system
of quasilinear second-order-partial differential equations for
U and Y. This was first pointed out by Sobieczky.21 In addi-
tion to this linearity, the major advantages of this transforma-
tion are the representation of the physical subsonic-sonic
boundary by a rectangular domain (see Fig. 1), and the
decoupling of the subsonic and supersonic regions of the
flowfield.

Subsonic Flow Region
We proceed by considering the subsonic region, abcdefgh,

of the flowfield depicted in Fig. 1. The governing equations
for U and Y in the computational plane are

d2u d2u-+-ds2 dt2
(dY/ds) dU (dY/dt) dU

ds dt •) (lOa)

d2Y ^ __1 / (dU/ds) dY (dU/dt) dYd2Y
ds2 dt2 \ U ds U dt

(lOb)
To complete the boundary value problems for U and 7, ap-
propriate boundary conditions must be prescribed in the s-t
plane on the common rectangle (0<s<l, 0 </<!). The
system of horizontal grid lines utilized in the s-t plane is one
which conforms to the shape of the subsonic portion of the
body and its sonic line when transformed back to the
physical x-r plane. Therefore, the boundary conditions
prescribed along t = Q represent conditions on the actual un-
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mapped (or unstretched) subsonic portion of the body and
its sonic line. The numerical boundary conditions described
subsequently were found to be most consistent with the
physics of the flow problem.

1) Far field, boundary ga. The perturbation quantity
(7(5,1) maintains a constant, but small value B{

Therefore,
dU(s,l)/dt

along boundary ga, d(7(5, l)/d5-
-0. Equation (lOb) then reduces to

a2 7(5,1) a2 7(5,1)^
ds2 dt2

(U)

= 0, and

(12)

Considering only the first harmonic of the solution to the
above equation, we obtain

(13)

2) Boundaries ab and gf. For symmetrical slender-body
designs at zero incidence, like those considered in the present
study, identical boundary conditions are prescribed along ab
and gf, viz.,

£7(0,0 = - >fcv>
(14)

In Eq. (14) K assumes the value of 1 for slender-body
designs having cusped leading and trailing edges (points b
and f, respectively) and a value of \/t for slender-body
designs having sharp leading and trailing edges. This
behavior is found to be consistent with the well known
results obtained from the small disturbance theory (Ashley
and Landahl23). Referring to Fig. 1 and Eq. (5b), one finds

It should be observed, that if the boundary value problems
for V(s,t) and X(s,t) were to be solved instead of those for
(7(5,0 and 7(5,0, then the commonly utilized boundary
condition F(0,0 =0 would have been used along ab, gf. In-
deed, the task of prescribing X(Q,t) would have been more
difficult compared to prescribing 7(0,0=0. Moreover, the
consistency of the boundary condition 7(0,0=0 with
F(0,0 =0 in the present formulation is clear from Eqs. (5b)
and (5d).

As for the boundary condition (7(0,0, it is of utmost im-
portance to bear in mind that this distribution is not retained

Computational Plane

Fig. 1 Sketch of shock-free flow past a slender body of revolution
in the physical plane and its corresponding computational s-t plane.

upon carrying the map to the physical plane. Nonetheless, a
stretched (or distorted) form of this distribution is the final
outcome (e.g., one may find a nonlinear transformation
which transforms a sine function in one coordinate system to
a parabolic function in a second coordinate system). Here,
the amount of nonlinear stretching is given by the numerical
integration of Eqs. (7). It is perhaps clearer if we visualize
the entire subsonic-sonic boundary (Fig. 1) stretching in ac-
cordance with the solution of Eqs. (7) to accommodate the
prescribed U distribution along the four boundaries. Equa-
tions (8), which represent the governing equations in the
computational plane are, therefore, indirectly satisfied since
Eqs. (9) are only reduced forms of Eqs. (7) and (8). It should
also be observed that numerical integration of Eqs. (8) along
s = 0, 5= 1 guarantees that K(0,0 = F( l , f ) =0 irrespective of
the £7(0,0, U(l,t) distributions prescribed.

3) Subsonic-sonic boundary bcdef. For supercritical flows
as those discussed here we have along be (5<5C) and along ef
(s>se)

U(s,0)=A2(5) -Al\og(s(l-s)),

and along the sonic line cde

C/(s,0) = 0, 7(5,0)- 5C<5<56,

(15)

(16)

In Eq. (15), A{ is a positive constant which has a value of
zero for cusped leading and trailing edge designs and has
other values, as will be discussed later, for sharp leading and
trailing edge designs. In Eqs. (11) and (13), B{ and B2 are in-
put constants for the design procedure. The functions g{ (5),
g 2 ( s ) , and A2(s) are input arbitrary continuous functions
representing the radial coordinates of the unstretched body,
sonic line radial coordinates (in the sense that knowledge of
the x coordinate determines the amount by which the r coor-
dinates are stretched), and the subsonic perturbation velocity
distribution necessary for the design procedure, respectively.

The boundary value problems for U and Y are now com-
plete and Eqs. (10) are then solved iteratively using a second-
order-accurate fast Poisson solver devised by Sweet.24 The
results for the gradient (dY/dt) along the elliptic boundary,
consisting of the subsonic portion of the slender body and
the sonic line, are then utilized to find the inverse map (or

Subsonic
Boundary

Subsonic
Boundary

Fig. 2 Computation of the supersonic flowfield in the computa-
tional plane (s-f) using the method of characteristics.
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the amount of stretching) to the physical plane. That is,
numerically integrating Eq. (7a) along the elliptic boundary,

a y(5,o)
(17)

we obtain the stretching function X(s). This, in conjunction
with Eq. (5b), determines the physical plane shape of the
subsonic-sonic boundary bcdef. In this design procedure,
numerical integration of Eq. (8b), viz.,

(18)

is needed to determine V on the elliptic boundary, abcdefg.
Results obtained from the solution of the subsonic flow
equations (10) for U and 7, and from Eqs. (17) and (18) for
X and V on the sonic line, are then used as initial data for
solving the supersonic flow equations [Eqs. (9)]. This is ac-
complished by using the method of characteristics as explained
below.

Supersonic Flow Region
It follows from Eqs. (18) for the flow in the embedded

supersonic region, where t/>0, that both U and Y satisfy
the linear wave equations

d2u d2u dU (dY/dt) dU
(19a)

82Y 82Y 1 / (dU/ds) dY (dU/dt) dY \
= TV u ~d~s u ~aT/ ( *ds2 dt2

which have characteristics of the form

ds/dt=±l

Introducing the characteristic coordinates £,77 defined by
£ = 5 +1 and ri=s — t, and reformulating the partial
derivatives in Eqs. (7) and (8) in terms of the new coor-
dinates, we obtain

(20)

3V dU
-T-OY]

Equations (20) and (21) may also be expressed on 17 = con-
stant as

dX-Uy>dY=Q

dV-YdU=0

and on £ = constant as

dX+U]/3dY=Q

dV+YdU=Q

(22a)

(22b)

(23a)

(23b)

With U(s,Q) and F(s,0) known on the sonic line having
coordinates X(s,0), and Y(s,Q), we proceed to solve the two
sets of compatibility equations [Eqs. (22) and (23)], holding
along the two families of characteristics using a step-by-step
numerical scheme (Massau finite-difference scheme). The
basic concept of this scheme is the following:

Through each point A,B,C,D,E,F, of the sonic line, line
AF in Fig. 2, two characteristics pass, one of the first family,

TJ = constant (al9 blt c l J . . . , f l ) 9 and one of the second family,
£ = constant (#2, b2, <?2,..., /2). Since the coordinates s and t
at the points of the line AF are known, the constants of Eqs.
(22) and (23) for each characteristic line al,...fl, #2,.../2, a*
each point of AF, are also known. Consequently, Eqs. (22a)
and (23a) applied along two characteristics of opposite
families, e.g., bl and a2 of Fig. 2, give two equations relat-
ing XG , YG , and U. These can be solved to obtain X and Y at
point G as functions ofX, Y, and U at the points A and B, viz.,

(24)

In Eqs. (24), U may be approximated by average values, i.e.,

along AG U(^r))=0.5(UA + UG)

along BG U(£,ri)=0.5(UB + UG) (25)

such that the numerical step-by-step scheme becomes second-
order-accurate in the mesh size, h.

In a similar procedure, Eqs. (22b) and (23b) applied along
the same characteristics b\ and a2 of Fig. 2 give two extra
equations relating FG, C/G, and Y. These are also solved to
obtain U and V at point G as functions of U, V, and Y at
the points A and B, viz.,

(26)

In Eqs. (26) Y is also approximated by average values
resembling those in Eqs. (25) to maintain a second-order-
accurate scheme. Equations (24) and (26) are then solved
iteratively for the four unknowns X, Y, U, and Fat point G.

Having solved for the four unknowns at all grid nodes, we
then proceed to search for points at which the inviscid slip
condition

* + u)dr-vdx = (27)

is satisfied. Equation (27), when expressed in terms of the
earlier defined variables X, Y, F, and U, reduces to

l.5\U*)YdY- (28)

with X being a constant defined by Eq. (6c). It is noteworthy
to mention here that Eq. (28) is identically satisfied along
any streamline of the flow including the solid surface of the
body. It is therefore important to distinguish the zero
streamline representing the solid surface of the body from
other streamlines of the flow.

Let R represent the magnitude of the residual resulting
from applying Eq. (28) between any two points in the super-
sonic region, i.e.,

\.5\U2/>)YdY- VdX (29)

Referring to Fig. 2, since point A lies on the surface of the
solid body we apply Eq. (29) between point A and any other
point, say N, between points B and G on the b{
characteristic. The values of U, V, X, and Y at point N are
found using linear interpolation from those values at points
B and G. If /?>0, this implies that N is a point away from
the surface of the body (i.e., an external point); and if R = Q
this implies that point N lies on the surface of the body.
Here, the exact location of point N at which R = 0 is found
iteratively. The procedure is then repeated. Using point N,
we search along BH or HI for a point at which R = 0, and so
forth. Finally, the values of X, Y, and U along the path
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representing the locus of points where R = 0 are utilized in
conjunction with Eqs. (5a) and (5b) to determine the shape
of the slender body under the sonic bubble, and the super-
critical pressure distribution, respectively. It should be men-
tioned that the slope of the resulting body is always con-
tinuous across the sonic line. As we approach point A or F
on the sonic line (see Fig. 2), a limiting study of Eqs. (7) and
(9) shows that U~t2, Y~ty\ and X~t5/3. Therefore, the
local slope of the body as we approach either point is given
by dY/dX~t-4/3.

Since t = 0 along the sonic line, the slopes at points A and F
are infinite which indicates that the line t — 0 is tangent to the
body at these two points. It is therefore the singular behavior
in dF(s-,0)/dx(s,0) at points A and F which guarantees a con-
tinuous slope of the body across the sonic line in the physical
plane.

Summary and Discussion of Results
In this section a number of slender-body designs are

presented, and some experience with the design procedure is
discussed. The numerical computations for the inverse and
direct problems were performed on a 64x64 mesh with
boundary conditions representing the full body. In the lateral
direction r, a t2/3 mesh stretching was utilized. Since only
symmetric bodies (fore and aft) were generated in this study,
the results are shown for the bodies truncated at one-half
their length. Two examples of slender-body designs having
cusped and sharp leading edges are presented in Figs. 3 and
4, respectively. Comparisons with the results obtained from
the direct computation of the flowfield utilizing the slender-
body designs as input are also illustrated in Figs. 3b and 4b.

For the design of supercritical slender bodies having
cusped or sharp leading edges, Figs. 3a and 4a illustrate the
different input perturbations U and the unstretched radial
coordinates Y required for the design procedure. The
resulting slender body shapes and their pressure distributions
are given in Figs. 3b and 4b.

Experience has shown that, like the two-dimensional air-
foil design problem where constraints are imposed on the in-
put pressure and free-stream Mach number,25"27 the input
function U and the free-stream conditions cannot be pre-
scribed arbitrarily. Conversely, the function Y representing
the unstretched radial coordinates of the subsonic portions
of the body and its sonic line is arbitrarily prescribed, pro-
vided it is consistent with the physics of the flow problem
and the boundary conditions for the U boundary value prob-
lem. For example, prescribing Y=g2(s) along the sonic line
(cde) while setting U^O along that segment implies incon-
sistency in the boundary conditions for the coupled U-Y
boundary value problems, which in turn leads to a non-
convergent solution. It should be emphasized here that this
observation does not lead to a mathematically ill-posed prob-
lem as may first appear since a complete definition of the
body geometry, i.e., Y(X) is not prescribed. Here, we only
prescribe the radial coordinate Y and we obtain the amount
of axial stretching X as part of the solution. It is also
noteworthy to mention here that the familiar body-closure
problem25 does not appear since only flows at zero incidence
are considered in this study.

In Figs. 3b and 4b it can be seen that results obtained
from the present design procedure and those obtained from
the direct computation of the flow past the designed bodies
show good agreement. The principal discrepancies, most ap-
parent for the body having a sharp leading edge (Fig. 4b),
are confined to the leading edge region. This discrepancy is
undoubtedly associated with the logarithmic singularity pres-
ent in the input perturbation velocity distribution at the
leading and trailing edges. Numerical experiments have
shown that adjusting the constant A{ in Eq. (15), to a cer-
tain extent, has a direct effect on altering the amount of
discrepancy. The slight disagreement between the super-
critical pressures that is observed in Figs. 3b and 4b is

-U

0.4

0.3

0.2

O.i

0.0

Y ( s , o )
- U ( s , o )

Y
O.375

0.250

0.123

0.0 O.I 0,2 0.3 0.4 0.5

Fig. 3a Input perturbation velocity distribution (7, and unstretched
radial coordinates F, for a supercritical symmetrical slender body
with cusped leading and trailing edges at M00= 0.843 and zero
incidence.

0.2 0.3 0.4 0.5

-*—— PRESENT METHOD
RAXBOO (DIRECT)

0.30

Fig. 3b Pressure distributions and corresponding shock-free super-
critical slender body with cusped leading and trailing edges after
stretching at Mx = 0.843 and zero incidence.

primarily due to the numerical difficulty in computing the
normal derivative (dY/dt) in Eq. (17) along the sonic line;
this has a direct effect on the sonic line coordinates and con-
sequently on the supercritical pressures. To alleviate this
numerical difficulty a t% stretching in the mesh was used to
capture the singular behavior of dY/dt near the sonic line.

The far-field boundary in the computational plane ( /=!)
transforms to a slightly irregular, yet symmetric boundary
(about an axis passing through midbody point, i.e.,
X/L = 0.5) in the physical plane. For test cases considered
here and many others nonreported, the minimum physical
distance between the far-field boundary and the resulting
body was consistently over 18 body lengths. On the irregular
far-field boundary, the flow behavior resembled that in the
far field of an axisymmetric dipole. This far-field behavior
was first verified by Sobieczky in his solution to Eqs. (9)
utilizing hypergeometric functions. Moreover, numerical
experiments have shown that increasing or decreasing the
constant Bl in Eq. (11) has a direct effect on decreasing or
increasing, respectively, the minimum physical distance be-
tween the far-field boundary and the resulting body.
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0.0
0.0

Fig. 4a Input perturbation velocity distribution (/, and unstretched
radial coordinates F, for a supercritical symmetrical slender body
with sharp leading and trailing edges at M^ = 0.931 and zero
incidence.

Cp —— - —— SONIC LINE

PRESENT METHOD
RAXBOO (DIRECT)

Fig. 4b Pressure distributions and corresponding shock-free super-
critical slender body with sharp leading and trailing edges after stretch-
ing at MOO = 0.931 and zero incidence.

Numerical experiments have also shown that including the
third and fifth harmonics in the numerical representation of
the far-field values for Y in Eq. (13) does not have a
noticeable effect on the resulting body of revolution. It was
also noticed that special attention must be given to the func-
tional values of g2 (s) in Eq. (16) (representing the unstretched
radial coordinates of the sonic line), in relation to the far-field
values of Y given by Eq. (13). For example, a value of g 2 ( s )
along the sonic line equal to that of Y on the far-field boundary,
line ag in Fig. 2, would physically imply a sonic line touching
the far-field boundary. This situation is avoided by adjusting
the constant B2 in Eq. (13).

Numerical experiments also indicate that there seems to be
a limitation on the range of free-stream Mach numbers at
which shock-free designs are found using the present
method. For example, at Mx =0.94 a symmetrical fore and
aft body was generated using the present procedure. When
this body geometry was utilized as input to the direct com-
putation using RAXBOD, it was noticed that a shockwave
existed at approximately X/L = Q.S6 with a very clear asym-
metry in the computed pressure distribution. Attempts to
remove the shock were made by altering the shape of the un-
mapped sonic line g2(s), as it might represent an incon-

sistency with shock-free flow at M^ =0.94, but with no suc-
cess. In this attempt, we were primarily motivated by our ex-
perience with limit lines in the hodograph plane as their
presence signaled an inconsistency between the input shape
of the sonic line, the free-stream Mach number, and the
resulting airfoil section. Further attempts to remove the
shock included altering the constants Bl9 B2, Alt and A2 in
Eqs. (11, 13, 15) but with no further success. This test case
and a number of others at higher Mach number will be
discussed in a future publication.

Conclusion
It has been demonstrated here that a design procedure

resembling that for two-dimensional subcritical and super-
critical airfoils (Hassan28) can be applied to design shock-
free slender bodies of revolution. As in the case of two-
dimensional flows, the results are shown, by comparison
with other numerical results, to have a good accuracy con-
sidering both the small perturbation and slender-body ap-
proximations inherent in the fundamental equations.

The results of this investigation are of interest, not only
because of the frequent use of a body of revolution in
aeronautical design, but also because of the central role of
the body of revolution in applications of the transonic area
and equivalence rules. Moreover, while the results are given
for inviscid flow, the same procedure can be employed
iteratively with a boundary-layer calculation in order to
achieve viscous slender body designs. For supercritical
bodies, the shock-free pressure field should make the
boundary-layer calculation reliable. Though the method
seems to be reliable in generating shockless bodies at free-
stream Mach numbers less than 0.931, caution should be
practiced at higher Mach numbers as the method produces
bodies which are inconsistent with shock-free flow. Unfor-
tunately, like most design methods, the need for choosing
appropriate input constants to approach a given target
pressure distribution remains one of the major shortcomings
of this method. As previous discussions have indicated, suc-
cessive trials in most cases quickly indicate suitable values
for these constants. A more systematic method, probably in-
volving numerical optimization, would greatly enhance the
effectiveness of this method.

Finally, the computational efficiency and cost effectiveness
of the design procedure are evident. Computation time is
30-40 CPU s on an IBM 370 for subcritical designs and 60-75
CPU s for shock-free supercritical designs.
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